CCIl - Assignment # 2
SKIM THROUGH THESE 2 Pages, and everything should make sense.

SOME USEFUL Identities (Make sure that every identity make sense to you)
1. Arithmetic Sequence Size (There are how many terms in this sequence?)
11, QMN)=N/2<|{1,2,3,4,5,6,...,N}| <N = O(N) # of terms are O(N) for(int i=1; i<=N; i++);

1.2.__ON)=N/4<=1{0,2,4,6,8,10,..,N}| < N/2 =O(N) # of termsare @(N) [ for(inti=0;i<=N;i+=2);

1.3.  QN)=N/4<=|{1,3,5,7, ..., N}l < N/2i.e O(N) # of terms are O(N) for(int i=1; i<=N; i+=2);

14. Q(N) = N/6<=[{1,4,7,10,...,N} < N/3ie. O(N) # of terms are O(N) for(int i=1; i<=N; i+=3);

1.5. QN) = | {1, 1+k, 142k, 143k, 1+4k, 145K, ...., N}| < N/ki.e. O(N) if k is a constant for(int i=1; i<=N; i+=k);

1.6. Q(N/log N) = {1, 1+log N, 142 log N, 1+3 log N, 1+4log N, 1+5 log N, ...., N}| < K= _|09_N; _ _
N/log N i.e. O(N/log N) for(int i=1; i<=N; i+=k);
1.7. QN = {1, 14N, 142N, 143 /N, 144N, 145N, ...., N}l < N/+/N K = /N;
= o(\/ﬁ) ie. o(\/ﬁ) for(int i=1; i<=N; i+=k);
(int i=1; i<=N; i+=10); N/10 times Similarly for(int i=1; i<=N; i+=20); N/20
times

for(int i=1; i<=N; i+=\/N ); N/\/N =+/N ====> N=+/N.+/N

N(N+1)

2. Arithmetic Series and relatives applications of 142+3+4+..+N = >

Proof

If you don’t remember this formula.

Upper Bound 142+3+4+45+6+ ....(N-3)+ (N-2)+ (N-1)+ N/2 <= N+ N+ N + ... + N replacing every value by the highest term
<= NxN= NA2 = O(N"2)
Lower Bound —————————————————H-243-+44+5+6+NA2+ (N/24D)+(N/2+2) ....(N-3)+ (N-2)+ (N-1)+ N ignoring the first half
>= (N/2+1D)+(N/2+2) + ... +(N-3)+ (N-2)+ (N-1)+ N and now replacing with the smallest value
>=N/2+N/2+N/2+N/2+..+N/2+N/2+N/2=N/2xN/2 =% N2 = Q(N?)
f(N) = O(N*2)

2.1 Q(T2) < 142+434+4+5+6+ ... T-3+ T-2+ T-1+ T <O(T) ====>0(T?

2.2 Q(N?) < 14243444546+ + ... + N/2+N/2+1+ ... +N-3+ N-2+ N-1+ N < O(N?) ===> O(N?)
O(N) | for(int i=1; i<=N; i++)

M1+0,2)2+0253+0.23.04+......40234..0N O(N?) for(int j=1; j<=i; j++)
23 Q(N?) <14243+445+6+ ... (N/2-3)+ (N/2-2)+ (N/2-1)+ N/2 <O(N?) ====> O(N?)
O(N) for(int i=1; ik=N; i+=2)
M1+A,22+0253+a23094+......40.234..0N Q(Nz) for(int j=1; j<=i; j++)
24 Q(N?) <1+2+43+4+5+6+ ...(N/3-3)+ (N/3-2)+ (N/3-1)+ N/3 <O(N?) ====> O(N?)

O(N) for(int i=1; i<=N; i+=3)




M1+0,2)2+a0253+0,235.94+...... +a.234..85N/3 G(Nz) for(int j=1; j<=i; j++)

2.5 Q(N) <1+2+3+4+5+6+ .... +|/N <= O((/N)?) <O(N) ====>0(N)
o(Nv?) | for(int i=1; i<=N"2; j+=1)
W1+1.2240253+02548+......401,2,3,4...N5N2 O(N?» for(int j=1; j<=i; j++)

26  Q((log N)® <14243+4+45+6+ .... +log N <= O((log N)® < ©(log* N)
for(int i=1; i<=N; i*=2) ©(log N)
W1+a,2)2+0203+02394+..... 40245 ml0g N = @(log? N) ===> for(int j=1; j<=i; j*=2)
Example 2

for(int i=1; i<=log N; i++)

M1H+A,2)2+0253+02304+...... 40248, O N for(j=1; j<=i; j++) ; _

2.7  Q(N*) <14243+445+6+ ... + N> < O(N*) ====>0O(N*
for(int i=1; i<=N*N; i++)

M1+0,2)2+a0253+0,23.94+...... '0'(1,2,3,4««,r\17)N2 = G(N4) ===> G(Nz)
for(int j=1; j<=i; j++)

2.8  Q(N®) <1+2+3+4+5+6+ ... + N°< O(N®) O(N?) for(int i=1; i<=N*N*N; i++)
(1)1+(1,2)2+<1,2,3)3+(1,2,3,4)4+......+(1,2,3,4..4.,N3)N3 O(NG) for(mt J=1; <=i J++)

2.9  Q(N%) <1+243+4+5+6+ .... +N* <= O(N*xN¥)

210 Q(N®) <1%42%43%44%452+6%+ ... + N’< O(N?) for(int i=1; i<=N; i++) O(N)
M1+0,2,3,4)2+0.25... 9>9+(1,2,3,4m,16)16+......+(1,2,3,4M,N’)N2 = O(N?’) fOI"(Int j=1; <=1 j++)
211 Q(N?) <1+2°+3°+4°+5%+6%+ ... + N’< O(N?) O(N) for(int i=1; i<=N; i++)
W14+1.2,3....8)8+023... .72 T+0123.4..6464+......+1.23.4.89)N> O(N% for(int j=1; j<=i"i"i; j++)

2.12 QN <1*42%+3*+4%+5K+64+ ... +N* <= O(N*")

3. Some Examples

\/7 *\/N = N for(int i=1; i*i<=N; i++) Sum++; 0(\/N) for(int i=1; i*i<=N*N; i++) Sum++;  O(N)

for(int i=1; *i*i<=N*N; i++) Sum++; O(N%3) for(int i=1; i*i*i<=N; i++) Sum++; O(N"?)

4. Geometric Sequence Size

41. |{N, N/2,N/4,N/8,N/2* N/2°,N/2°5 ..8,4,2,1} =\log,N
for(int i=1; i<=N; i*=2) or for(int i=N; i>=1; i/=2)

42.  {N,N/3,N/9,N/27,N/3% N/3° ,N/3, .., 3% 9,3, 1} = \logs N O(\Iog N)

for(int i=1; i<=N; i*=3) or for(int i=N; i>=1; i/=3)

453, KN, N/5, N/25, N/125, N/5% N/5°, N/55, .., 5% 5% 5, 1} = \logs N

for(int i=1; i<=N; i*=5) or for(int i=N; i>=1; i/=5)
44. KN, N/k, N/k% N/K2 N/K* N/KS , N/KS, ..., K3, K2 k, 1} = \log, N

for(int i=1; i<=N; i*=2) or for(int i=N; i>=1; i/=k)
Some formulas,

1. LogN‘=klogN 2. logN?=2logN=1logN +logN 3.10g°’N =logN.logN

5. GEOMETRIC SERIES O(by the largest term)




Any Geometric Series with multiplicand factor of greater than 2(if increasing) or smaller then ¥z (for decreasing geometric series) is
bounded above and below by the largest term. If it is an increasing Geometric series in that case it will be the last term, if itis a
decreasing series it will be the first term. For any constant - ratio(multiplication factor greater than 2 the above inequality is valid).

5.1. Q(N) = N < 142+4+8+16+32+... +N/4+N/2+N < 2N = O(N) == O(N)
for(int i=1; i<=N; i*=2)
for(int j=1; j<=i; j++)
52. Q(N)=N < 14+3+9+33+3*+3%+... +N/32+N/3+N < 2N = O(N)== O(N)
for(int i=1; i<=N; i*=3)
for(int j=1; j<=i; j++)
53.  Q(N?) = N2 < 143+9+3°+3*+3°+... +N?/32+N?/3 + N? < 2N?= O(NH)==>0(N?) for(int i=1; i<=N*N; i*=5)
for(int j=1; j<=i; j++)
53. N°<1+5+524+5%+5*+5%+... +N3/52+N3/5+N°> < 2N* = O(N?) for(int i=1; i<=N*N*N; i*=5)
145+52453+5%455+... +N3/52+N3/5+N3 < 2N? for(int j=1; j<=i; j++)

54. N*2<1+5+452455+5%+55+ . +N*2/524N>2/5+N>/2 < 2N3/2
for(int i=1; i<=N*?; i*=2)
for(int j=1; j<=i; j++)
5.5. NY2<145+52453+5%4+5%+ ... +N"2/52+N"2/5+N"2 < 2N/? for(int i=1; i<=N"2; i*=2 )

for(int j=1; j<=i; j++)

56. N <1+5452453+5*+55+ . +N/52+N/5+N < 2N

l

log, N = il =>log, N =log,, N/log,,2 =>log, N =1/log,,2.log,, N

0,
[oqha

Proof of Geometric Series?
Q(N) = N < 142+448+16+32+... +N/4+N/2+N < 2N = O(N)

]
]
v

O(N)

N/2




Part 1 - TIME COMPLEXITY

Note - This part shouldn’t take more than 2 hours for this (actually it should take 41 mins).
If you are having any difficulty in finding out the complexity of the codes - read this document. It has many
practice problems regarding time complexity with their solution mentioned in the comments. Also if you need

further explanation(of the above sample practice problems), please watch my following VIDEO-LECTURE, which
| delivered in my discrete mathematics course.

You have to give the time complexity of each line and do not just right answer justify the way it is done in

part 1.

What is the algorithm’s complexity of the following
piece of code - Sample Solution is in RED.

int Sum=0; // O(1) Time
for(int i=0; i<N; i++)  //(1+1+1+..+1 - - - N Times =O(N)
for(int j=0; j<N; j++) Sum++;
// AHH+H) + (14 +.. #1)+.. + (1+1 +... #1) added N times
// N + N +.. 0+ N = O(N?)
Overall Complexity : O(1) +O(N) + O(N?) + O(N?) = O(N?)

2) What is the algorithm’s complexity
of the following piece of code

jnt Sum = 0;

for(inti=1i<=N;i*=2)

Sum++;

for(int j =1;j <= N; j++){

for(intk = 0; k < j; k++)
Sum++;

for(intm=1, m<=j;m*=2)
Sum++;

}

3) What is the algorithm’s complexity of the following
piece of code

nt Sum = 0;
for(inti=1,i<=N;i*=2)
for(int j = 0; j <i; j++)
for(int k =1; k <= j+1; k *= 2)
Sum++;

for(int x = 1; x <= N; x++)
for(int y = x; y <= N; y++)

4) What is the algorithm’s complexity of
the following piece of code

int Sum =0;

for(int i = 0; i < N; i++){

for(int j = 0;j <=i; j++)
Sum++;

}

for(int k = 0; k < N; k++){

for(int m = 0; m < N-k; m++)
Sum++;

for(int i=0; i<N; i++)
for(int j=0; j<i; j++)
for(int k=0; k<j; k++)

for(intz=1,z<=N;z*=2) }
Sum++; for(int x = 0; x < N; x++){
for(int y = 0; y < x; y++)
for(int z=0; z< y; z++)
Sum++;
}
5) 6)
int Sum=0; iint Sum = 0;

for(inti=0;i<N;i+=2){
for(int j=i;j < N;j+=3){
for(int k = 0; k <= j; k += 2){

Sum++; for(int m = 0; m < k; m++)
Sum++;
7 8
int Sum = 0; int Sum=0;
for(inti=1;i<=N;i*=2) for(int i=1; i<N; i*=2)
for(intj=1;j<=i;j*=2) { Sum++;
for(intk = 0; k < j; k++) for(int j=1; j<N; j*=2)
Sum++; Sum++;



https://drive.google.com/file/d/1VfDdkwKlZwvjWb7oQ_PaqfJ04DyB4k-7/view
https://www.youtube.com/playlist?list=PLGBj0mjD7yXiHM-sqJSv1BLqV3c020BcY
https://sites.google.com/view/ds-ucp-2017

9
For(inti=1;i<=N*N;i+=2)
for(intj=1;j<=i;j*=2)
for(intk = 0; k < j; k++)
for(intm =1 m<=k+l; m*=2)
Sum++;

10
for(inti=1;i<=N*N;i+=2)
for(intj=1j<=i;j*=2)
for(int k = 0; k < j; k++)

Sum++;

1"

For(int i =1;i <= N*N; i *= 2){

for(int j=1;j<=i;j*=2¥
for(int k = 0; k < j; k++){

12

for(int i =1;i<=N*N;i*= 2}

for(intj=1;j<=i;j*=2) {
for(intk = 0; k < j; k++)

for(inti=1,i<=N;i*=2)
for(intj=1;j<=i;j*=2)
for(int k = 0; k < j; k++)

for(intm =1 m<=k+l; m*=2) Sum++;
Sum++; }
} t
} for(int x = 1; x <= N*N; x *= 2){
1 for(inty = 0; y < x; y++)
Sum++;
}
13 14
nt Sum = 0; jnt Sum =0;

for(inti=1;i<=N;i*=2)
for(intj=1;j<=i;j*=2)
for(int k = 0; k < j; k++)

for (i=1; i<n; i=i*5)
for (j=0; j<i; j+=2)
SuUM++;

forintm=1m<=k+l; m*=2) Sum++;
Sum++;
15 16
int sum = 0; | BE CAREFUL GEOMETRIC SERIES
for(inti=1,i<=n;i*=2) int sum,i,j;
for(intj=0;j<i; j++) sum = 0;
for(int k =1; k <= j+1; k *= 2) for (i=1; i<n; i=i*2)
sum++; for (j=0; j <i ; ++j)
sum++;
17 18
BE CAREFUL GEOMETRIC SERIES jnt sum = 0;
int sum,i,j; for(inti=1;i<n;i*=4)
sum = 0; for(intj=0;j<i; j++)

for(int k = 1; k <= j+1; k *= 2)
sum++;

19 What will be the output (the value of Sum) of the
program asymptotically in BIG-O notation, | am
not asking here the complexity of loop rather the
asymptotic bound on the value of Sum:
int Sum = 0;
for(int i=1; i<=n; i+=1)
Sum+=i;
cout<<Sumc<<end];

20 What will be the output(the value of Sum) of the program
asymptotically in BIG-O notation:

int Sum =0;

for(int i=1; i<=n; i*=2)
Sum+=i;

cout<<Sumc<<endl;

21 What is the time complexity of the algorithm:
int Sum = 0;

for(inti=1;i<=n;i++)

for(intj=1;j<=i; j++)
Sum +=j;

cout << Sum << endl;

22 What is the time complexity of the algorithm:

jnt Sum = 0;
for(inti=1,i<n;i*=2)
for(intj=1;j<=i; j++)
for(intk=1k<=j; k*=2)
Sum++;
cout << Sum << endl;




int f1(int n)
{
int K=0;
for(int j=0; j*j<=n*n; j++) K++;
return K;
}
int main()
{
intSum =0, n;
cin>>n;
for(int i=1; i<=f1(n); i+=1)
for(int j=1; j<=i; j++) Sum++;
cout<<Sum<<end];

23 What is the time complexity of the algorithm:

24
What is the time complexity of the algorithm:
int f1(int n){

int K=0;

for(int j=1; j*j<=n; j*=2) K++;

return K;
}
int main()
{
int Sum = 0;
int n;
cin>>n;
for(int i=1; i<=f1(n); i+=1)

for(int j=1; j<=i; j++) Sum++;

cout<<Sum<<endl;

}

25 What is the time complexity of the algorithm:
nt fi(int n){
int K=0;
for(inti=1;i*i<=n;i++){
for(intj=1;j<=i; j++)
K++;

B

}

return K;

nt main(){
int Sum = 0;
intn;
cin >>n;
int Terminator = fi(n);

26 What is the time complexity of the
algorithm:
int f1(int n) {
int K=0;
for(int j=0; j*j<=n; j++)
K++;

return K;
}
int main() {

int Sum = 0;

int n;

cin>>n;

int Terminator = fi(n);

for(int i=1; i<=Terminator; i+=1) {

for(int j=1; j<=i; j++) {

for(inti=1i*i<=n;i++) {
for(intj=1;j<=i; j++)
K++;
}
return K;
1
nt main(){
int Sum = 0;
int n;
cin >>n;
int Terminator = fi(n);
for(int i = 1; i <= Terminator; i++){
for(intj=1;j<=i;j*=2X
Sum++;
}
}

cout << Sum << endl;

for(int i = 1; i <= Terminator; i++){ Sum++;
for(intj=1;j<=i;j*= 2} }
Sum++; }
} cout<<Sumc<<endl;
} }
cout << Sum << endl;
1
27 28
nt f1(int n){ for (i=1;i<n;i=i*4)
int K=0; cout << i;

for(=05j<i;j=j+2}
for(k=1; k<=j+; k =k * 2){
cout << k;
sum++;
}
}

cout << sum;




fFor (inti=1;i<=n*n*n;i+=2)
cout << i;
Sum = 0;
for (int j = 1; j*j <=i; j++){
for (int k =1; k <= j; k++){
Sum++;
}
}

for (int x = 1; x <= n; x++){

29 30
for (i=t;i<=n*n;++i) for (i=1;i<=n*n*n;++i)
{ {
cout << i; cout << i;
Sum=0; Sum=0;
for (j=1; j<=i; ++)) for (j=1; j<=i; ++))
{ {
Sum++; Sum++;
cout << i; cout << i;
} }
cout << Sum; cout << Sum;
} }
31 32
For (int i =1;i<=n*n*n;i*= 2){ for (i=1i<=n*n*n; i*=2){
cout << i; cout << i;
Sum =0; Sum=0;
for (intj=1;j<=i; j++)}{ for (j=1;j<=n; j++){
for (intk =1; k<=j; k *=2) Sum++;
Sum++; cout << i;
cout << k; }
} for (k=1;k<=n; k++){
} Sum++;
cout << Sum; cout << i;
’ }
cout << Sum;
}
33 34

for (int i =1; i <= n*n*n; i++){
Sum =0;
for (int j = 1; j*j <=i; j++){
for (int k = 1; k <= n; k++){
Sum++;
}
}
for (int x = 1; x <= n; x++){
for (int y = 1; y*y <= x; y++){

for (inti=1;i<=n;i=i*2)

{

for(j=1;j<=i;j=j*2)
cout<<™”;

for (inti=1;i<=n;i=i*2)
for(j=1;j<=i;j=j*2)
cout<<™”;

for (inti=t;i<=n;i=i*2)
for(j=1;j<=i;j=j"2)
cout<<™”;

for (int y = 1; y*y <= x; y++){ Sum++;
Sum++; }
} }
}
cout << Sum; cout << Sum;
* )
35-36 37

for(inti=0;i<n;i=i+3)
cout << i;
for(intj=1;j<=i+1;j++){
for(intk=1,k<=j; k=k*3){
sum++;
cout << k;
}
}
for (int x =1; x <= i + 1; x++){
sum++;
}

cout << sum;




38
for (inti=1;i<=n;i=i*2)
for(j=1;j<=i;j=j*2)
cout<<™”;

for(int i=0; i<=N; i++)
Sum++;

39
for(inti=0;i<n;i=i+3)
cout << i;
for(intj=1j<=i+1;j++)
for(intk=1k<=j;k=k*3)
sum++;

for (int x = 1; X <= n; x++)
for(inty=1y<=x;y=y*3)
sum-++;
cout << sum;

40 Complexity of primeNumber function.
int sgrt(int N)

41 Complexity of primeNumber function.
int sqrt(int N)

{ {
intd; intd;
for(d=0; d*d<=N; d++) { } for(d=0; d*d<=N; d++){ }
return d-1; return d-1;
} }
bool primeNumber(int n) bool primeNumber(int n)
{ {
bool isPrime = true; bool isPrime = true;
int Imt = (sqrt(n)); for (int d=2; d <= sqgrt(n) ;++d)
for (int d=2; d <=Ilmt ;++d) {
{ if (n%d==0)
if (N%d==0) return false;
return false; }
} return true;
return true; }
}

PART 2 (Recursion)
Should Take Maximum 2 hours

Write the recursive and iterative code for Fibonacci Number computation.
. Analyze why lteration is working so fast as compared to recursive implementation of Fibonacci Numbers. Its
written in the notes.
. Run the recursive code on Fib(10), Fib(20), Fib(30), Fib(40), Fib(50), analyse what is happening?
.  Whyitis shocking?

Write the recursive and iterative code for Computing the TriSum sequence: 1,2, 3, 6,11, 20, 37, .......
I Write the recursive mathematical formulation.
Il.  Write the recursive code for the Sequence generator
1. Run on TriSum(10), TriSum(20), TriSum(30), TriSum(40), TriSum(50) - got a shock?

Write a recursive function for computing the following Series for each part. Drive their time complexity.
(6+4) points

I 1424344+, +N IV.  143+9+27+81+...+3"
. 143+5+7+...+N (where N must be odd) V.  143+9427+481+... + N/9 + N/3+N
.  142+4+8+16+..+2" (N is an integer) VI.  142+4+8+16+..+ N/2+N
Write a recursive function using the recursive definition of Permutation, Combination (Formula). Using the
following formulas (5+5) points

mn n— l) (n - 1)
et =+ y
. (k) (k -1 k Also denoted as C(N, R) = C(N-1, R-1) + C(N-1, R) is combination. Define base
case by yourself?
. P(N, R) = N * P(N-1, R-1) and base case is P(N, R) = 1if R=0.

Write the Recursive Binary Search and test it on a huge Data.




6. Write the code for Merge - Recursively (in class we did iterative Merge), then write MergeSort.

I Prove its time complexity is O(N log N) in the worse case. Read from chatGPT - specially recursive analysis,
by asking draw me the recursive tree and show how many levels it will take if we have like N = 2"k number of
input array size, see why the number of levels will be O(log N) and why the overall complexity on each level
will be O(N).

7. Write Segregate Recursively (in class we did iterative Merge), then write QuickSort.
I Prove its time complexity is O(N"2) in the worse case.
. Prove its time complexity in the best case if O(N log N). Read from chatGPT - specially recursive analysis, by
asking draw me the recursive tree and show how many levels it will take if we always the pivot in the middle,
see why the number of levels will be O(log N) and why the overall complexity on each level will be O(N).

8. Write a Recursive function to compute POWER(X, Y, M) compute X' % M (X* modulo M).
I.  The algorithm must take O(Y) times additions/subtractions.

THE HACKER’s Challenge
Il.  The algorithm must take O(log Y) times additions/subtractions.

9. Write a Program which wants to do multiplication of AxB imagine all A and B are n bit strings and there is module
available ADD(X,Y) and you want to write this MULT(X,Y) using ADD(X,Y) How you will going to write this module.
Write the module such that It takes a minimum number of steps, obviously Calling ADD Y times is very bad idea and
unacceptable.

l. The algorithm must take O(Y) times additions/subtractions.

THE HACKER’s Challenge
Il.  The algorithm must take O(log Y) times additions/subtractions.

10. Write a Program which you compute A/B and A%B and the only operations allowed are subtraction and addition.
l. The algorithm must take O(B) times additions/subtractions.

THE HACKER’s Challenge
Il.  The algorithm must take O(log B) times additions/subtractions.

THE HACKER’S Challenge — These are the challenges that will require more time and thought. They are the
food-for-thought questions that you keep thinking about until the next class. Don’t just sit in front of your computer to solve
them—think about them in your head while you’re walking around, having a coffee, or simply going about your dau.
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